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$G$ $:=Sp_{2}(\mathbb{R})$ $O(2,3)$ isogeneous $G$
2 $\mathfrak{H}_{2}:=\{Z\in M_{2}(\mathbb{C})|tZ=Z, {\rm Im}(Z)>0\}$ :
$g\langle Z\rangle=(aZ+b)(cZ+d)^{-1} (g=(\begin{array}{ll}a bc d\end{array})\in G, Z\in \mathfrak{H}_{2})$
$\Gamma:=Sp_{2}(\mathbb{Z})$ 2 Siegel modular group $\Gamma$ weight $k$
$M_{k}(\Gamma)$
$M_{k}(\Gamma)$ $:=\{F:\mathfrak{H}_{2}arrow \mathbb{C}|F$ $\mathfrak{H}_{2}$ $F(\gamma\langle Z\rangle)=j(\gamma, Z)^{k}F(Z)(\gamma\in\Gamma, Z\in \mathfrak{H}_{2})\}.$
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$\mathfrak{H}_{2}$
$(\begin{array}{ll}\tau zz \tau\end{array})$
$(\tau, z, \tau’)$ $F\in M_{k}(\Gamma)$
$F( \tau, z, \tau’)=\sum_{m=0}^{\infty}F_{m}(\tau, z)e(m\tau’)$
$x\in \mathbb{C}$ $e(x)$ $:=\exp(2\pi ix)$ $m\geq 1$ $F_{m}$ weight
$k$ , index $m$
$\mu_{F}:=\min\{m\geq 0|F_{m}\neq 0\},$
$\phi_{F}(\tau, z):=-\frac{F_{\mu_{F}+1}(\tau,z)}{F_{\mu F}(\tau,z)}$
$\phi_{F}$ $\mathfrak{H}\cross \mathbb{C}$ weight $0$ , index 1
:
$\phi(\tau, z)=\sum_{l,r\in \mathbb{Z}}c(l, r)e(l\tau+rz)$
$4l-r^{2}$ $c(l, r)=0$ $c(l, r)$ $4l-r^{2}$
$c(4l-r^{2})$
1 $F\in M_{k}(\Gamma)$ : $N\geq 2$
$\prod_{ad=N,0\leq b<d}F(\frac{a\tau+b}{d}, \frac{\sqrt{N}}{d}z, \tau’)=\epsilon_{N}\prod_{ad=N,0\leq b<d}F(\tau, \frac{\sqrt{N}}{d}z, \frac{a\tau’+b}{d})$
$\epsilon N$ $F$ $N$ $0$
(1) $\phi_{F}$ $\mathfrak{H}\cross \mathbb{C}$ weight $0$ , index 1
(2) $\phi_{F}$ $c(n)(n<0)$
(3) $F$ $\phi_{F}$ Borcherds ${\rm Im}(\tau){\rm Im}(\tau’)-$
Im(z)2
$F( \tau, z, \tau’)=Ce(\lambda\tau-\rho z+\mu\tau’)\prod_{(m,r,n)>0}(1-e(m\tau+rz+n\tau’))^{c(4mn-r^{2})}$
$(C\in \mathbb{C}^{\cross})$ .
$\lambda:=\frac{1}{24}\sum_{r\in \mathbb{Z}}c(-r^{2}) , \rho:=\frac{1}{2}\sum_{r>0}c(-r^{2})r, \mu:=\frac{1}{2}\sum_{r>0}c(-r^{2})r^{2}$




2 $\psi(\tau.z)$ weight $k$ , index $m$
: $N\geq 2$
$\prod_{ad=N,0\leq b<d}\psi(\frac{a\tau+b}{d}, az)=\epsilon_{N}’\prod_{ad=N}\psi(\tau, az)^{d}$








$\gamma(r)\in \mathbb{Z},$ $\gamma(-r)=\gamma(r)$ $r$ $\gamma(r)=0$
(3) $\psi(\tau, z)$ $\{\gamma(r)\}$ $\psi_{\gamma}(\tau, z)$
$\psi_{\gamma}(\tau, z)$
$e(\lambda’\tau-\rho’z)\prod_{(l,r)>0}(1-e(l\tau+rz))^{\gamma(r)}$
$(l, r)>0$ $l>0$ $l=0,$ $r>0$
$\rho’:=\frac{1}{2}\sum_{r>0}\gamma(r)r$
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